INTRODUCTION w x
As is well known, in their seminal paper 7 , in 1966, Gelfand and Kirillov made the following conjecture and settled it for nilpotent Lie Ž . Ž . algebras, gl n and sl n : Let L be a finite dimensional algebraic Lie Ž . algebra over an algebraically closed field k of characteristic zero, let U L Ž . be its enveloping algebra, and let D L be its enveloping field of fractions; Ž . Ž . then, D L is isomorphic to a Weyl skew field D F over a purely n transcendental extension F of k. In the following we will refer to this as Ž . GK . w x Ž . In a subsequent paper 8 , Gelfand and Kirillov proved GK for L semi-simple, up to an extension of the center. The solvable case was w x w x w x settled in 1973 by Borho et al. 3 , Joseph 9 , and McConnell 11 . w x Concerning the mixed case, Nghiem treated in 13 the semi-direct prod-1 Ž Supported partially by the EC Network ERB FMRX-CT97-0100 Algebraic Lie Repre-. sentations . 2 Senior researcher at the FWO.
Ž . Ž . Ž . ucts of sl n , sp 2 n , and so n with their standard representation and Ž . w x showed GK for these. Also, a generalization 10 and a weakened version w x Ž . 12 of GK have been shown. Ž . w x Recently, we presented a family of counterexamples to GK in 1 , focusing on semi-direct products of the Lie algebra of a nonspecial group with a representation admitting trivial generic stabilizer. However, in these Ž . cases, one recovers GK after an appropriate extension of the center: in fact, we are rather convinced that the conjecture holds in general after a Ž . suitable extension of the center. The smallest counterexample to GK obtained using the preceding method is the 9-dimensional semi-direct Ž . product of sl 2 with two copies of the adjoint representation, hence this work. Our main result states:
THEOREM. Let L be an algebraic Lie algebra o¨er an algebraically closed field k of characteristic zero with dim L F 8. Then L satisfies the Gelfand᎐ Kirillo¨conjecture.
As often with such situations, the method of analysis in this work will involve consideration of many cases. However, it suffices to consider nonsolvable algebraic Lie algebras L such that dim L F 8 with radical R Ž . and Levi subalgebra S, isomorphic to sl 2 , such that L is a nontrivial semi-direct product of S with R. We are grateful to B. Komrakov for providing us with the classification of these Lie algebras. We would like Ž . also to thank A. Elashvili who pointed out a similar classification over ‫ޒ‬ w x by Turkowski 16 . Furthermore, in the algebraic case which is the relevant one for our problem, we worked out the classification starting with w x Dixmier's classification 6 of nilpotent Lie algebras of dimension at most 5. From all these we were able to see some common patterns and avoid a complete case by case treatment. In fact we have to deal with essentially three different cases.
First is the case in which R is abelian. Here invariant theory enters the Ž . picture, for instance, when R is the 4-dimensional simple sl 2 -representaw x tion. Although this case is covered by the results of 1 , we treat it again to get an explicit description; this is done by studying the specific invariant Ž . theory of cubic binary forms under the usual sl 2 action. We would like to thank H. Kraft for the help he brought us to settle this case. Second, if R is nilpotent but not abelian, using some standard automorphisms, we can Ž . Ž Ž . . show that in most cases D L is isomorphic to D sl 2 = R . Third, the case where R is solvable but not nilpotent requires some finer analysis of the derivatives of R and a ''devissage lemma'' which essentially decreaseś dimension. w x Ž . In our preceding paper 1 , we also showed that GK holds for the semi-direct product of the Lie algebra of a special group with a representation admitting trivial generic stabilizer; in fact, it seems very likely that Ž . GK holds for very large classes of algebraic Lie algebras provided some mild hypotheses hold on the module structure of the radical over a Levi factor. In particular, we think that any semi-direct product of a symplectic Ž . Lie algebra with a Heisenberg algebra should verify GK .
The paper is organized as follows. For the convenience of the reader, we collect in five lemmas the necessary common material to deal with the different cases. Then we study the specific cases defining the relevant Lie algebra by its table that we include in the text.
PRELIMINARIES
Let L be a finite dimensional Lie algebra over a field k of characteristic Ž . zero, and let U L be its enveloping algebra with quotient division ring
The proofs of the following two lemmas are easy and hence will be omitted. Ž .
Consider the ‫-ޚ‬module homomorphism
Ž . Since ‫ޚ‬ is a PID we can find a k g M such that f k s 1. Ž . Ž . we see that f m s for all m g A. Similarly, f n s for all n g B. Consequently, n y m g ker f s M and so n y m s Ý ty1 ␤ k for some
Finally,
, a purely transcendental extension of k.
Remark. We obtain a similar result if we replace a u by uЈ s Ý s q p .
Let f g L* and let L f be the kernel of the alternating bilinear form s e 2 h q 2 e e y y e 2 h y 2 e e y s 0,
c, e s e e h, e y e y, e s e e y e e s 0.
x As e , e s 0, x, e s e and y, e s e imply that e x, e s 1 and
w y1 x w y1 x w y1 x e y, e s 1. Also, e x, e s 0 and e y, e s 0. Then, the elements
p s e xy e e c, q s e ,
p s e y q e e c, q s e , Put c s e 2 y 4 e e and c s e h q 2 e x y 2 e y. Then, c , c g
. Indeed, e h, e s 1 and e x, e s 1.
Then it is easy to verify that
it is easy to see that p , q s 0, p , q s 0, and q , q s 0. 
where L is a 1-dimensional Lie algebra over k. First, we observe that the linear map : L ª L, given by h ¬ yh, x ¬ y, y ¬ x, e ¬ e , e ¬ e , and e ¬ ye is an automorphism of s h q 2 e e y e e s h q e e e y .
Ž .
Ž . s 2 x y 2 e e s 2 x y e e s 2 x Ž .
. So, this element,
which is not a scalar, commutes with e , e , e . It also commutes with obtained from p , q , and e g F. Next, h and x can be obtained from p s e y q e e c, q s e ,
that L is a Frobenius Lie algebra, since its index is zero.
The following two Lie algebras satisfy GK by 1, x Corollary 2.3 . However, we want to exhibit the Weyl generators explicitly because we need them in the study of the case of dimension 8. 
We now proceed in two steps, the first of which was kindly supplied to us by Hanspeter Kraft. the unipotent subgroup of upper triangular matrices; we will identify it Ž . with the additive group k, q . It is easy to see that the map
is an open immersion. In fact, it has the following description:
Ž .
b s e q e e y e e e . Now we are going to calculate the invariants for the subgroup U and for a Ž . Borel subgroup B of SL 2 .
By construction, the U-invariants are given by
Ž . and the action of the torus T ; SL 2 , consisting of the diagonal matrices, is given by
Now it is obvious that the extensions
are all purely transcendental of degree one. In fact, the first extension is generated by b b , the second by b , and the last by . Consequently,
Step 2. First we calculate the following Lie brackets w
can be identified with the skew field of
Ž . fractions of D K , the latter being the ring of differential operators F on KrF. Therefore, x s h, x s x, and x s y can be expressed in
From this system of linear equations with coefficients in K, we obtain Ž . p s ѨrѨ q , j : 1, 2, 3. Ž . Ž . Using Lemma 2, we see at once that the following four Lie algebras satisfy the Gelfand᎐Kirillov conjecture. Lie algebra. c s e 2 y 4 e e and c s e h q 2 e x y 2 e y.
. Now, one can either apply 
and Z D L s k c c . 
c s 2 e 3 y 9 e e e q 27e e 2 q 27e 2 e y 72 e e e , b s e q e e y e e e , b s e y e e q e e e y e e e , Ž . 
Using a method similar to that in case L , we obtain the Weyl generators e e e q e e 2 .
3 4 2 3
Invoking Lemma 2, we see immediately that the following 10 Lie Ž . algebras sastisfy GK . Ž Ž .. p s e y q e e c, q s e , mutes with H, with e , e , x , y , h and hence also with x, y, and h. x s x y e e , y s y q e e , and h s h q e e e y . Ž . over F s k e , c , where x s x y e e , y s y q e e , h s h q e e e y , and c s h y 2 h q 4 x y . . 8, 15 It follows that p , q , p , q , p , q form a set of Weyl generators of s e ye e q e e s e z , Ž . Indeed, from p , q , p , q , and q s c we obtain h, x, y, e , and e . 
